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1 Introduction

1.1 Research Question

How does the curvature of the plates surrounding the pendulum in a tautochrone affect

the time necessary for one complete oscillation?

1.2 Initial Encounter and Interest

During junior year, I took a Calculus 3 course in which we learned about curvature. More
specifically, the professor was interested in teaching the class how curvature was related to the
tautochrone pendulum, including the contribution of Christiaan Huygens in furthering
knowledge behind the mechanism. Since it was mentioned that there were many physics-based
analyses on the tautochrone, I chose to make it the main focus of my Extended Essay.

1.3 Background Information

The most well-known kind of pendulum is the simple pendulum, which involves a weight
attached to a string that swings in a circular path, with the string serving as the radius of the
circle in creating the path. Simple pendulums can be found in several objects, such as within
classic timekeeping devices like the grandfather clock. However, other kinds of pendulums
follow different paths with contrasting characteristics, such as the isochronous tautochrone.

During the 17" century in Holland, physicist and mathematician Christiaan Huygens
published his findings on the isochronous pendulum. The isochronous pendulum is essentially a
pendulum for which the period of oscillation is independent of the amplitude of swing, which,

previous to Huygens” findings, was considered unfeasible. That is, for the typical pendulum



(with no forces acting on the pendulum aside from gravity and some drag from air resistance),

—|physics behind?

the period of oscillation changesw Iargcr or smaller amplitudes. For some Dutch sailors, this
implied unreliable time-keeping as well as an inability to precisely define one’s location while
travelling by sea (Baker & Bwum 236).

With the invention of the isochronous pendulum, time keeping was independent of the
amplitude of the pendulum’s swing, which had not been true for the traditional pendulum. This

was done by placing curved plates to restrain the string responsible for the pendulum’s motion.

By restricting the motion of the pendulum to the space contained within these two curved plates,
period became independent of swilg amplitude — thus allowing more accurate time-keeping
(Lodder & Penw 169).

It is in this way that a pendulum’s motion in a cycloidal path is distinct from its motion in
simple motion, which is completely circular. This difference is depicted in the diagram below,
with the black pendulum swinging in a cycloidal path, and the white pendulum following a
circular path. As viewed in the figure below, the cycloidal path tends to be more tightly curved

about the origin of the pendulum, which also means a greater curvature.

pendulums suppon

plates on diagram?
context not all clear re role
of plates

# \ X V'3 C‘ydo;a’a/ path- \y
“Circular path

\\ bob of pendulum cycloid path

bob of pendulum simple circular path

no description of event,
how string fits curved
plates before
release...contrary to free
simple pendulum

® }

Figure 1: Cycloid versus Simple Oscillation (Jim & Rhoda %ﬂ's)



assumption in derivation of
simple pendulum

/equation .7 torque et all
B

1.4 Introduction of Theory

By analyzing the forces acting on the pendulum when its motion is restricted by such

plates, it is possible to investigate how the curvature of the plates surrounding the pendulum in a
tautochrone specifically affects the time necessary for one complete oscillation (i.e. period).
Within the context of a typical pendulum, gravity will be acting upon the pendulum
causing it to have a net, downward force. However, since the location of the pendulum is
continually changing as it moves back and forth between two extremes, the net force acting on
the bob will vary. More specifically, the angle the pendulum makes with the vertical will affect
the force acting on the pendulum. From Newtonian physics, we can identify that the force due to
gravity acting on the bob is F = mg, and can be expressed as the sum of two forces, the tangential
force (F:) and the perpendicular force (Fj ). The tangential force is the tangential component of
F along the motion of the bob, while the perpendicular force is the component of F perpendicular

to Fr. The reason we cannot call this perpendicular force a centripetal force is because the plates

along which the pendulum are traveling are not circular in nature, but rather in the shape of a

/lno reference to diagram

magnitude of tangential

cycloid. Thus uniform circu—l:' motion is not achieved (Allum#mt 262).
It is also possible to express these forces quantitatively: the magnitude of Fyis mg sin @,
while the magnitude of F, is mg cos #. Keeping in mind that the tension and perpendicular force
are in the same direction, the tension in the thread and F, can be added to form a single vector.
As the curvature is changed, the ratio between the tangential force and tension in the string will

vary, causing there to be a change in the acceleration of the pendulum in the direction of the

speed not constant

pendulum’s motion. This change in acceleration could potentially lead to a change in period,

which is the focus of this experiment.
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Figure 2: “Force Diagram for a Pendulum” {Penﬁ:m Waves)

2 Experimentation

2.1 Experiment Design

In order to investigate how changing the curvature of the plates surrounding the
pendulum will affect oscillation period, my experiment procedure will involve constructing
multiple plates of different curvature, and then applying these plates to the same pendulum. By
using the same pendulum for each set of plates, variables pertaining to the pendulum itself

endulurn size, thread material, pendulum weight) will be controlled. This will allow for a more
focused investigation of the variables in the initial research question.

Additionally, the construction of these plates surrounding the pendulum will necessarily
have to be created with precision, since even small changes in the curvature of the plates could
result in changes in the time of oscillation. To achieve such precision, the shape of the plates will
be laser-printed and then carved out of wood, using the print as a guide for incision. This will

allow for the curves to be shaped precisely according to the shape of the cycloid.




The various curvatures of the plates used in the experiment procedure will be determined > methodology not clear,
by constructing curves with circles of different radii. More specifically, the curves used will be / (impact on B and C)
created by choosing circles of different radii and then tracing one point along each circle’s
circumference as it rolls along a horizontal line. For each set of plates, the following values for
radius of curvature will be used: 2.50 cm, 5.00 em, 7.50 ¢cm, 10.00 ¢cm, and 12.50 cm. w_,_,./—-{diagram B C

Presumably, smaller circles will result in smaller curves with increased curvature, while

larger circles will result in larger curves with decreased curvature. The plates will be constructed

such that they can easily be removed and attached from the body of the tautochrone pendulum.

The pendulum itself will be constructed using a 50.0 gram steel weight attached to a
smooth silk string. The pendulum must be at least 50.0 g in mass to maintain sufficient
momentum in travelling from one plate to another for at least 2 oscillations. That is, since we
know momentum (p) is equal to mass multiplied by velocity (mv), a mass that is too light will
result in insufficient momentum. The string is also designated to be made of silk to minimize the
friction between the string and the plates as the pendulum swings, since silk generally has few

Imroscopic ridges. The string will be adjusted at intervals along its length to allow for it to hang

according to the plate size.

After constructing the necessary plates and pendulum, time of oscillation will be recorded
iivi ral times for each set of plates. This will be recorded with a video-recording device in order

to measure a precise time of oscillation.

2.2 Experiment Variables

The independent variable in my experiment will be curvature of the plates within the

tautochrone, which is derived from the radius of the circle used to construct each plate.
T |not all clear




Essentially, curvature is the inverse of the radius used to approximate the shape of the curve at
each point along the curve. In this experiment, the curvature of the cycloidal plates will be
determined at the point of lowest curvature, for the purpose of consistency. An example is given

below for a general curve:

B

centre of
T——
curvature s

A

Figure 2: “Curvature and Centre of Curvature” (University %ambridge)

As the curvature of the plates is changed, we will measure the corresponding period of the
pendulum’s swing while using these plates. In other words, the period (time of oscillation) will
serve as the dependent variable of the experiment.

Variables that will necessarily be kept constant are the weight, material, and shape of the
pendulum, as well as the strength and material of the string. Maintaining these variables will
allow the investigation to be focused solely on curvature and period, rather than external factors.

Other variables that will be controlled are the material of the plates and plastic guides placed

along the curves of the plates, which will respectively be made using the same materials.

23 Apparatus Description and Construction

The tautochrone will be main component of this experiment, which will be made mostly
of 2.0 cm thick wood and metal (see Appendi“ for a detailed list of materials). It will be

constructed to be 60.0 cm tall, 60.0 cm in length, and 15.0 cm in width. The plates themselves



S {uncertainties?
will be constructed based on cycloids made with circles of radii 2.50 cm, 5.00 cm, 7.50 cm, '\ limited amount of data
@0 cm, and 12.50 cm. The plates, which will restrict and control the motion of the swinging how radius measured?

pendulum, will be carved out of dense wood using a high-precision jigsaw after laser-printing the ./——-Irepeat

shape of the cycloid onto the board. The shape of the curves is shown below for a radius of 2.50

cm.

Heigh of Plates(cm)

10 15 20
Length of Plates (cm)

Figure 3: 2.0 - thick Plates Projected onto a 2D Graph (created with MatMﬁca}

These plates will be attached to a headpiece, which will be a 60.0 cm long board from
which the plates will hang. Small hooks will be used to attach the plates to the headpiece, and
these will be fastened with metal clamps. These hooks will be 10.00 cm apart to ensure that the
plates are secure while the experiment is taking place. The wooden headpiece itself will be

attached to two wooden legs, 60.0 cm in length, which will in turn each be attached to a 40.0 cm

i

long wooden base. . ** no reference to a set-up
diagram

A SO.mium made of steel will be placed such that it hangs between the two

plates, so the string attached to the pendulum is attached to the cusp between the two plates. A
metal clamp will be placed where the pendulum hangs from the headpiece to ensure that the

position of the pendulum’s attachment to the headpiece does not shift. Additionally, the length of



the string will be equal to the length of the curve found along each plate, so that it may swing

freely between the two plates when released.

Finally, plastic guides will be attached to the 2.0 cm thick plates to ensure that the string
of the pendulum is restrained to a path specifically along the plates. That is, the plastic guides
will force the pendulum to swing only along the curves of the plates while in motion, rather than

straying from the path.

2.4 Experiment Method (Procedure)

1. Construct the tautochrone, using plates corresponding to the cycloid in order to maintain
a shape which keeps amplitude and period (time of oscillation) independent. Ensure that
the plates are easily removable, since this is related to changing the independent variable
(see Section 2.3, Apparatus Description and Construction).

2. Attach the set of the plates with the greatest curvature onto the tautochrone. To attach
these plates to the headpiece of the tautochrone, use the hooks in the plates and the
headpiece.

3. Attach the pendulum to the central hook in the headpiece of the tautochrone, allowing it
to hang at rest between the two plates.

4. Use the appropriate knot in the string when attaching it the central hook, dependingon

the size of the plate being used.

a. When hanging the pendulum, use smooth string to minimize the effects of friction
as the string comes in contact with the plates.

b. Ensure that the string is hung such that the length of the string is the same as the
length of the specific plate. Use a metal clamp to ensure the pendulum’s position

of attachment to the headpiece does not shift.

10

{cookbook recipe style




no diagram illustrating the
string at different positions
. from max to min position
for a given set of plates

5. Lock the plates onto the headpiece of the tautochrone by positioning metal clamps along
the hooks attaching the plates to the headpiece. Once the metal clamps have been
positioned, release to lock the hooks into place.

6. Place the tautochrone against a high contrast background to allow the pendulum to be
easily recognized in experiment footage. Place the camera lens such that the entirety of
the pendulum’s motion is easily viewable.

7. Position the pendulum such that it follows the outline of the one of the plates. Then
release the pendulum, allowing it to swing freely between the curved plates.

a. For recording the pendulum’s motion, use a high frames-per-second setting to
achieve the greatest possible precision. The period can later be observed from the
slowed video using software.

8. Record the time of oscillation multiple times, each time for a single oscillation (i.e.

AT AVAVAVAVA VAV AV AVAVAVAVAVAV AVAVAVAV AVAVAV AV AV VAV AV AV AV AV AV AV AV AV A VAVAVAVAVAV VAV AV AV AV AV AVAVAV AV AVAVAVAYA)

measure the period of the pendulum’s oscillation). Repeatedly record for a total of 3

trials, for each of the 5 sets of plates.

a. To maintain consistency, always record the time of oscillation for the first period

in each trial. (After the first period, the pendulum may lose speed and travel with
a slightly longer period.)
9. Repeat steps 2 to 8 using different sized plates until trials have been recorded for each set

of plates numerous times. Continue repeating this process until 3 trials have been CnD

recorded for every set of plates.

10. Transfer the video files to a video editing program to slow the footage and precisely
alculate the period (time of oscillation) for the pendulum. The time of release should be

accurately recorded in order to find the period of oscillation.

1 —details of video analysis ...




11. Calculate the period by subtracting the time stamp of release from the time stamp s S e e o

back to initial position ...

- wherettrtheperdutumcompletesone cycie of otion. Compare this to the respective

curvatures to calculate the relationship between the two variables. any quantitative physics

/ model?

2.5 Image of Constructed Tautochrone

The following image depicts the completed tautochrone, mounted with the largest set of
cycloidal plates. As shown, both the pendulum and plates are attached the body of the

tautochrone using small hooks and metal clamps.

* not annotated

* not clear re motion of
pendulum (series of
diagrams showing different
positions of mass and
string ... related to theory

Figure 4: Photograph o mafn Apparatus (Tautochrone)

In addition, each pair of the five sets of cycloidal plates is shown below. The plates with
the largest radius of curvature are positioned at the top of the photograph, while the plates with
the smallest radius of curvature are position at the bottom of the photograph. In other words, the

plates are placed in order of decreasing radius of curvature from top to bottom.

12



Figure 5: Set of Five Cycloid Plates
AANNANANASANANANNAANANNNNNNNNN ?

3  Data Collection and Interpretation

31 Experimental (Raw) Data

The camera I used to collect footage for the oscillation in each trial was an Olympus E-

10, which has a frames-per-second rate of 27.9 frames-per-second. The camera was attached to '\ﬂfield width, depth ..

a low adjusted tripod and was positioned a total of 1.92 @m&om of the tautochrone to
fully capture the pendulum’s motion. White light was placed against a black background to

ensure that the camera lens could distinctly capture the exact motion of the pendulum.

Using a video-editing program, VLC Media Player, | was able to slow down the footage
of each trial and calculate the period with a + 0.00nty. More specifically, I was able

to slow the footage to find the time stamp for release of the pendulum and the time stamp for

when the string was positioned along the opposing plate. For the purposes of calculation and

table formation, I assigned the time to when the pendulum was dropped to be called the *Start

13
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some repeat
Time,” and assigned the time to when the string was positioned along the oppositem so half a period
measured .. A

“End Time.” These labels are found in Table 1.
Finally, after finding the starting and ending times, I found the absolute difference
between the two time stamps to find the time of oscillation for each trial, i.e. the period of the
SANASNASNNANANANANNANASANASNANANANANANANANANANANANANANANANANANANAANNANANN

?

mtrial. This information is summarized in Table 1.

lj'zcj Dat. — —
p ik origin of uncert. ?
ature Trial Start Time End Time Time of half a period
(1/cm) = | e—Number {seconds) + | (seconds)+ | Oscillation —
0.001 1/cm 0.005 s 0.005 s (seconds) * LLILE i :
2% % 2 BiliEs \EITOF re uncertainty on time
0.100 1 0.950 1.340 0.390 of osc.
uncert. add up
J 2 0.170 0.544 0.374 '
3 1.972 2.378 0.406
0.050 1 [ A4dg | | 2.557 0.457
2 1.701 2.131 0.430
3 1.897 2.364 0.467
0.033 1 2451 2.964 0.513
2 2.246 2.729 0.483
3 2.388 2.938 0.550
0.025 1 2.495 3.159 0.664
2 1.957 2.544 0.587
3 2.347 2.964 0.617
0.020 1. 0.245 1.059 0.814
2 1.467 2.288 0.821
3 2.989 3.789 0.800

Table 1: Raw Data for Time of Oscillation from Footage

14
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32 Data Processing and Graphs

** example of calcu[ations*l

/ including uncertainty

After finding the time of oscillation (perioff) for each trial, I averaged the three values for

each to find the average value for the period of the pendulum. The following table includes
information about the period for each of the trials, as well as the average period for each radius
of curvature in milliseconds. Both the trial times as well as the average times are expressed in

milliseconds for ease of scaling as well as enhanced readability of graphical representations.

*—

> from measurements using
Averages video ... details
'_"_-_._ - -
Curvature | Trial 1 Time | Trial 2 Time Trial 3 Time | Average Time | = —— lack Off CQ?SlSten%y [ln the
(1/cm) | (milliseconds) | (milliseconds) | (milliseconds)t | (milliseconds) use of units (symbols)
0.0051/cm 5 mr——t-&rm——-——ims_j: = units cm” -1 (confusing
0.100 390 374 406 & 390 Ll
J J uncertainty?
0.050 457 430 467 451
0.033 513 483 550 515
0.025 664 587 617 623
0.020 814 821 800 812

Table 2: Average Time of Oscillation for each Curvature Value

Using the data displayed in Tables 1 and 2, it was possible to graph both sets of data in
order to further investigate the relationship between the independent and dependent variables.
The following graphs illustrate the relationship between curvature and period of an isochronous

tautochrone, with the first graph representing data for separate trials (Table 1) and the second

graph representing data for averaged trial data (Table 2).
ke o ili s have been excl , but are noted on the

axes of the graph. To linearize the data, we will graph the period of oscillation against the

inverse square of the curvature. based on which physics
.\ model?

B C
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Period of Oscillation against Curvature of Plates
(Table 1 Data)

900

800

700

600 5

500 -
B + Trial 1 Period
400

» Trial 2 Period
T
" | [ EnE— _ Trial 3 Period

200
100

0
0.000 0.020 0.040 0.060 0.080 0.100 0.120

Curvature (1/cm) £0.005 1/cm

Period of Oscillation (milliseconds) £ 1 ms

Graph 1a: Period of Oscillation against Curvature of Plates

Average Period of Oscillation against Curvature
of Plates (Table 2 Data)

900
E #
E 800

s Average Period

0.000 0.020 0.040 0.060 0.080 0.100 0.120
Curvature (1/cm) £ 0.005 1/cm

Graph 2a: Average Period of Oscillation against Curvature of Plates
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data table with values and
values square with

uncert. ?
B C

Period of Oscillation against Squared Inverse of
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800
700

600
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500
400
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200

100
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1500.000 2000.000

Curvature (1/cm) £0.01 1/cm

2500.000

+ Trial 1 Period
@ Trial 2 Period
- Trial 3 Period

v

3000.000

I

Graph 1b: Period of Oscillation against Squared Inverse Curvature of Plates

[ CaPeriod of Oscillation against Squared Inverse of Curvature
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—Linear
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better to use physics
symbols rather than x and
y

** physics model behind?
B C

SD? decimals? C

Graph 2b: Average Period of Oscillation against Squared Curvature of Plates
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4  Results and Discussion

4.1 Evaluation of Experiment and Conclusion

what about physics
By interpreting the linearized graph of period against curvature of the plates in the / predictions?

tautochrone, we are able to conclude that the relationship between the period of oscillation for a
tautochrone and the squared inverse of curvature very closely resembles a linear relationship. We
can quantify this by the squared correlation coefficient, R = 0.9914. Since this value is close to
1, the relationship is almost linear.

More specifically, this nearly linear relationship between the period of one oscillation
(time of oscillation) and the curvature of the plates of the tautochrone is closely modeled by the

linear approximation, y = 0.1711x + 369.33 (where x represents the squared inverse of curvature

and y represents period). If we account for consistent precision, this becomes y = 0.17x + 369.33. .\-[justify ..

This tells us that with every unit increase in the squared inverse of curvature, we can predict that
there will be an increase in period of oscillation by 0.17 milmn other words, the slope
of the linear approximation tells us to what degree we can expect period to change with the
squared inverse of curvature.

It is also observable from the graph and equation that the y-intercept of the linear
regression is 393.33 mim which may be due to the scope of the data. If the experiment
were expanded to measure the curvature of huMlreds of sets of plates, with each having a larger
curvature than the last one, the increased quantity of data may havs“wn how period nearly
reaches zero once the curvature had been increased to an extremely large quantity. However,
since it was not possible to create plates more than a metre long with substantial precision, the

data points were chosen to create the best spread of curvature values possible. @
VAV AV AV AV AV AV AV AV AV AV AV AV AV AVAVAVAVAY VAV AVAV AV AV AV AV AV AVAVAVAVAVAVAVAVAVAVAVAY
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{procedure A

One of the early obstacles in constructing the tautochrone was constructing a pendulum
that would swing between the two plates without straying from the path or coming to a rest too
early for oscillation to be recorded. In order to resolve these problems, plastic guides were added
to each plate to essentially force the silk string of the pendulum to stay within the bounds of the
curved plates. Additionally, these plaslmere rounded and smoothed such that the string
would slip appropriately into the centerline of each plate. As a result, it was possible to have the
motion of the pendulum precisely follow the curves of the p%

To ensure that the pendulum did not come to a rest too early, a heavier pe@.%
was used to increase its momentum. Although a 25.0 g pendulum weight was used at first, this

proved to lack the sufficient momentum to guarantee that at least two complete oscillations were

achieved. As a result, a heavier 50.0 g steel weight was used. On average, this allow for 4 el nicniancy Defote,

S0

two periods ... confusing
= the analysis
complete oscillations from one plate to another. m yois

Besides these initial obstacles during the investigation, other sources of error were air
resistance with regard to the pendulum’s motion as well as friction between the string and the
curves of the wooden plates. To minimize the latter source of error, materials with low levels of
friction were used. For instance, silk string was used for the string of the pendulum, and the

guides forcing the string to follow the curves were made of smoothed plastic rather than rubber,

which has a high coefficient of friction than smoothed plastic. .\ a number of repeats

and below

here

However, it proved more challenging to further minimize the air resistance surrounding
the pendulum. Since performing the experiment in a vacuum was unrealistic with the given
circumstances, a heavier weight was chosen such that four complete oscillations could be

performed without noticeable slowing due to air resistance. IE
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A potential expansion could be collecting data for a greater number of plates, with a

larger range of curvature. For instance, if the period of oscillation could be recorded for
extremely miniscule curvature values or extremely large curvature values, then it may be
possible to observe whether the relationship between period of oscillation and curvature is
different for extreme values.

Another possibility for further exploration of this experiment could use a m
tautochrone so that despite the dissipating energy of the pendulum over time, constant
oscillationwm This would also minimize the effect of air

resistance on the pendulum, since additional energy could be continually supplied by the motor

to overcome any drag. The weight of the pendulum may also prove to be less significant with a

motorized tautochrone, since any additional momentum necessary for continuous motion could

e

self defeating purpose, ...
electric clock

be provided by electricity, Time of oscillation could be collected for several consecutive

oscillations, thus reducing random errors through a greater number of repeated trials.

Research appropriate, to
RQ, consistent relevant;
Analysis: limited number
of plates , but with repeats,
data well organized in
tables (except for one
missing); graphs of period
vs curvature without best
fit, not well analyzed ._;
graph of period vs inverse
curvature squared better
analyzed, empirical
relationship established
but without any justification
in physics at all;
uncertainties considered
but

their origin , their
manipulation with some
errors and limitations
reduce their efficiency;
discussion/evaluation:
centered on the non-zero
intercept, with good
suggestion that it might be
related to limited number
of curvatures (5) hence
worth investigating with
more plates; good
discussion and evaluation,
well focused, , some
statements not fully
justified; overall limitations
identified;

for each plates does the
period vany with
ampiiiude’?
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6 Appendix

6.1 Detailed List of Materials

The following is a detailed list of materials used during the course of this investigation.

2.22 cm brass plated hooks
o used to fasten plates and hook to headpiece
* 60.0cmx 15.0 cmx 2.0 cm plywood board
o headpiece of tautochrone
* 60.0cmx 5.0 cm x 1.5 em plywood boards
o legs of tautochrone
* 5.00 cm iron nails
* Kumihiko 50.0 gram weight
o pendulum weight
* 3.00 mm Silk String
= Smoothed plastic guides
o attached to tautochrone pieces

* (Cycloidal plates made of dense plywood, 1.9 cm thick
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tangible parts, and organized the materials that I'll need to carry out the procedure. This procedure will involve maintaining
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deadlines for myself, | was able to finish everything in a timely manner. As a result, | feel that if | wrote a research paper in
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nice analysis of the video to collect the necessary data.
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